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Abstract
Exact, non-singular, time-dependent solutions of Maxwell-Einstein gravity with and
without dilatons are constructed by double Wick rotating a variety of static, axisymmetric
solutions. This procedure transforms arrays of charged or neutral black holes into s-brane
(spacelike brane) solutions, i.e. extended, short-lived spacelike defects. Along the way, new
static solutions corresponding to arrays of alternating-charge Reissner-Nordstrom black
holes, as well as their dilatonic generalizations, are found. Their double Wick rotation
yields s-brane solutions which are periodic in imaginary time and potential large-N duals
for the creation/decay of unstable D-branes in string theory.
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1. Introduction
Nearly a century after the discovery of general relativity, new exact solutions continue
to be found. In this paper we construct several families of exact, time-dependent solu-
tions with and without electromagnetic fields and/or dilatons. The solutions are of the
s-brane (spacelike brane) type [1], describing a shell of radiation coming in from infinity
and creating an unstable brane which subsequently decays. They are of special interest
because, in a variety of examples, they are singularity-free (outside horizons) and periodic
in imaginary time. In addition, they potentially provide large N duals of unstable D-brane
creation/decay in string theory. A variety of other s-brane gravity solutions can be found
in [2-6].
The s-brane solutions herein are generated by applying a trick of “double Wick ro-
tation” to static solutions [7]. Typically, a Wick rotation z → it is applied to a Killing
direction parameterized by a coordinate z to obtain a static, Lorentzian solution from a
Euclidean one. The Killing symmetry implies that the metric is z-independent and hence
remains real under z → it. However, this reality is guaranteed by the weaker condition of
a discrete symmetry z → −z, implying that the metric contains no odd powers of z, as
well as a suitable condition on the electromagnetic field if present. In this more general
context Wick rotation leads to time-dependent solutions. Of course there is no guarantee
that the resulting solutions will be singularity-free in general.
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We apply this trick to several interesting static solutions in the literature, including
the recently understood black dihole solution [8] representing a pair of oppositely charged
black holes and the Israel-Khan infinite line array of neutral black holes [9,10]. They are
Wick rotated twice to obtain a new Lorentzian solution: first along the static time direction
τ → iy (1.1)
to obtain a Euclidean solution and then again along the spacelike discrete symmetry di-
rection (the axis of the black holes)
z → it (1.2)
to obtain a new Lorentzian solution. Interestingly enough, while the original black dihole
solution has conical “strut” singularities, these are moved off into the complex plane and
do not appear in the singularity-free s-brane solution.
Neither of the solutions so obtained quite corresponds to the type of s-brane most
naturally arising in string theory.1 These are related by double Wick rotation to a (previ-
ously unknown) solution describing a static linear array of alternating-charge black holes.
The linearized versions of these solutions were found in [12] using Sen’s open string bound-
ary state [13] for the creation/decay of an unstable D-brane. Here we construct an exact
non-linear solution describing just such an array, and find that (unlike the dihole case) it
is free of strut singularities. The double Wick rotation of this solution is then the non-
linear generalization of the linearized s-brane solutions in [12]. A salient property of these
solutions, desired for a connection to string theory and distinguishing them from previous
s-brane gravity solutions, is that they are periodic in imaginary time. They bear roughly
the same relation to the unstable D-brane creation/decay, that the black p-brane solutions
[14] bear to ordinary stable D-branes. Hence they may be relevant for a time-dependent
large N duality.
This paper is organized as follows. Section 2 begins with a brief review of the Weyl
formalism for axisymmetric solutions of the Einstein-Maxwell equations. Emparan’s black
dihole solution is then described, and Wick-rotated to a smooth s-brane solution. The
s-charge is computed and found to be nonzero. Dilatonic generalizations are described.
In section 3 we find that double Wick rotation of the Israel-Khan solution for a neutral
black hole pair (with strut singularities) leads to a smooth s-brane solution. We also
1 The black dihole s-brane corresponds to generalized sD-brane configurations of the type
described in [11].
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construct the double Wick rotation of the (strut-free) Myers neutral black hole array
solution to an s-brane solution. In section 4, following a suggestion of Gibbons [15], we
construct a static solution corresponding to an alternating array of KK monopoles and
antimonopoles, containing a dilaton from dimensional reduction. The dilaton is removed
using the general method of [16], yielding a static line array of alternating-charge Reissner-
Nordstrøm solutions of the pure Einstein-Maxwell theory. We perform the double Wick
rotation (1.1), (1.2) and study various properties of the resulting s-brane solution. Finally,
in section 5 we discuss the relevance of these gravity solutions to string theory.
2. S-Branes from Black Diholes
We will start by reviewing the general construction of static, axisymmetric solutions
of Einstein-Maxwell theory in Section 2.1. We will then proceed to describe the simplest
examples of double Wick rotated solutions. These are found by starting with static so-
lutions describing a pair of oppositely charged, extremal black holes. As we will show in
Section 2.2, the double Wick rotation procedure (1.1), (1.2) transforms this into an exact,
time dependent solution that is everywhere smooth and non-singular.
These solutions for extremally charged black holes have a direct string theory inter-
pretation in terms of D-branes. In particular, dilatonic generalizations of these solutions
can be lifted to give s6-brane solutions of IIA supergravity, as is described in Section 2.3.
2.1. Time Dependent Axisymmetric Einstein-Maxwell Solutions
A static, axisymmetric solution of Einstein-Maxwell theory has a metric of the form
ds2 = −eXdτ2 + e−X(ρ2dϕ2 + e2γ(dρ2 + dz2)), (2.1)
and an electrostatic potential
Aµdx
µ = Adτ. (2.2)
Here X , γ and A are functions of ρ and z only. We will use units G = 1. Upon double
Wick rotation (1.1), (1.2) this becomes a time dependent solutions of the form
ds2 = eXdy2 + e−X(ρ2dϕ2 + e2γ(dρ2 − dt2)),
Aµdx
µ = iAdy.
(2.3)
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In order for the metric and gauge potential to be real, we see that A must be an antisym-
metric function of z, whereas eX and e2γ must be symmetric.
The sourceless Maxwell equation is
A¨+A′′ +
1
ρ
A′ = A˙X˙ +A′X ′, (2.4)
where prime denotes ∂/∂ρ and dot denotes ∂/∂z. Einstein’s equation implies that
X¨ +X ′′ +
1
ρ
X ′ = 2e−X(A˙2 +A′2) (2.5)
and
4
ρ
γ˙ = 2X ′X˙ − 8e−XA˙A′
4
ρ
γ′ = X ′2 − X˙2 + 4e−X (A˙2 − A′2).
(2.6)
Equation (2.6) determines γ in terms of A and X . One might worry that these overcon-
strain γ, but in fact this system is integrable, as can be seen by testing the equality of
mixed partials in (2.6). One important feature of (2.6) is that along the z-axis (i.e. for
ρ = 0), γ˙ vanishes in the absence of sources. Thus any conical singularities that are present
along the z-axis will be constant. As we will see below, this fact enables us to get rid of
conical singularities altogether in certain double Wick rotated geometries.
For future reference, we will note one important symmetry of (2.5)-(2.6). With A = 0
(pure Einstein theory), they have the symmetry
X → −X + 2 log ρ+ constant, γ → γ −X + log ρ+ constant. (2.7)
As we will see in section 4, this transformation of X corresponds to turning off black holes
where they had existed on the z-axis, and turning on black holes where they had not
existed. The accompanying transformation of γ is required by Einstein’s equations.
It remains to solve for X and A using (2.4) and (2.5). As was first noted by Weyl
[17][18], these equations are particularly simply when written in terms of a new three
dimensional space with coordinates (ϕ, ρ, z) and flat metric
dsˆ2 = dρ2 + dz2 + ρ2dϕ2. (2.8)
The equations of motion are
∇2X = 2e−X |∇A|2, ∇2A = ∇A · ∇X, (2.9)
where ∇ is the covariant derivative with respect to dsˆ2.
Although beguilingly simple, these equations are difficult to solve analytically when
A 6= 0. The dihole solution of the next section is one of few such exact solutions that
admits a sensible black hole interpretation.
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2.2. Double Wick Rotation of the Black Dihole
The black dihole solution
ds2 = −eXdτ2 + e−X (ρ2dϕ2 + e2γ(dρ2 + dz2)), Aµdxµ = Adτ
eX =
[
(R+ +R−)2 − 4m2 − k2m2+k2 (R+ −R−)2
(R+ +R− + 2m)2 − k2m2+k2 (R+ −R−)2
]2
e2γ =
[
(R+ +R−)2 − 4m2 − k2m2+k2 (R+ −R−)2
4R+R−
]4
A = − 4mk√
m2 + k2
R+ −R−
(R+ +R− + 2m)2 − k2m2+k2 (R+ −R−)2
R± =
√
ρ2 + (z ±
√
m2 + k2)2
(2.10)
has been studied by many authors [8,16,19]. We will summarize here only a few salient
features. The solution (2.10) describes a static configuration of two extremal black holes
of equal mass and opposite charge. The solution is written in terms of parameters m and
k; 2m is the total mass of the system and the black holes are located at z = ±√m2 + k2,
ρ = 0. The black holes are extremal in the sense that their horizons are degenerate. The
metric has conical singularities extending along the z-axis, as may be seen from the limiting
form of the metric in the (ρ, ϕ) plane at small ρ and −√m2 + k2 < z < √m2 + k2
e−X
(( k2
m2 + k2
)4
dρ2 + ρ2dϕ2
)
. (2.11)
The standard identification ϕ ≃ ϕ + 2π leads to a conical singularity on the interval
−√m2 + k2 < z < √m2 + k2 extending between the two black holes – this may be thought
of as a strut balancing the attractive gravitational and electric forces between the two black
holes [8]. This singularity passes through the origin z = 0, so would lead to a singular
solution after the double Wick rotation (1.1), (1.2). We will avoid this problem by noting
that the equation of motion (2.6) fixes γ only up to a constant of integration. Thus we are
free to subtract the constant
γ → γ − 2 log k
2
m2 + k2
. (2.12)
With this choice, conical deficits are located instead on the semi-infinite intervals z <
−√m2 + k2 and z > √m2 + k2. This corresponds to hanging the black holes from infinity
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by cosmic strings rather than inserting a strut between them. The subtraction (2.12) is
equivalent to adopting the non-standard periodicity for ϕ
ϕ ≃ ϕ+ 2π
(
k2
m2 + k2
)2
. (2.13)
Applying the double Wick rotation (1.1), (1.2) gives a time-dependent solution, which
we will write as
ds2 = e−X(ρ2dϕ2 + e2γ(dρ2 − dt2)) + eXdy2, Aµdxµ = Ady (2.14)
where
eX =
[
(ReR)2 −m2 + k2m2+k2 (ImR)2
(ReR +m)2 + k
2
m2+k2
(ImR)2
]2
e2γ =
(
m2 + k2
k2
)4 [ (ReR)2 −m2 + k2
m2+k2
(ImR)2
|R|2
]4
A = 2mk
√
m2 + k2
ImR
(k2 +m2)(ReR +m)2 + k2(ImR))2
.
(2.15)
Here we’ve defined the complex distance to one of the sources2
R =
√
ρ2 − (t+ i
√
m2 + k2)2. (2.16)
It is straightforward to verify that the metric and gauge potential are smooth and non-
singular for all real values of t and ρ.
This solution has translational Killing symmetry ∂y in addition to the usual rotational
vector ∂ϕ, so resembles the creation and subsequent decay of a 1-brane whose spatial
direction extends in the y direction. Suppressing the y direction, the solution describes a
spherical wave of gravitational and electromagnetic flux that is localized around the light
cone ρ2 = t2. 3 The solution is asymptotically flat either at large radius or in the far past or
future. The gravitational potential gtt, the warp factor e
X and the potential A are shown
in Figure 1 for typical values of k and m.
2 This definition R =
√
ρ2 +m2 + k2 − t2 − 2it
√
m2 + k2 involves a branch prescription; we
will analytically continue from t = 0 and note that the radicand traces a parabola which does not
intersect the standard branch cut, on the negative real axis.
3 This solution has a translational symmetry in the y direction, so may naturally be thought
of as a spherical wave in the other 2+1 dimensions. It therefore resembles the 2+1 dimensional
supergravity solutions of [20] describing the decay of C/Zn singularities.
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Fig. 1: Various components of the black dihole S-brane solution: (a) the gravita-
tional potential gtt, (b) the warp factor e
X , and (c) the gauge potential A. All components
are non-singular.
Outside the light cone ρ2 = t2, the fields asymptote to Minkowski space. As one
crosses the light cone the gravitational potential gtt and the gauge field A jump, indicating
that an observer feels gravitational and electromagnetic forces, as is typically the case for
s-brane solutions. There is a nonzero conserved s-charge found by integrating 1
4pi
∗F along
a complete transverse spacelike slice (which we can take to be the ρϕ plane). It is sufficient
to compute F = ∂A/∂t dt∧ dy + · · · and evaluate the charge at time t = 0. We find
Qs =
1
4π
∫
(
√
ρ2 +m2 + k2 −m)22mk
(ρ2 + k2)2(ρ2 +m2 + k2)1/2
ρdρ ∧ dϕ
=
m
k
(
√
m2 + k2 +m).
(2.17)
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This is the same as the charge magnitude Q of either extremal black hole in the original
black dihole geometry (2.10). To see that this must be the case, consider computing Q
by integrating 14pi ∗ F on a smooth topological sphere S surrounding the black hole at
z =
√
m2 + k2. Now deform and enlarge S so that it is the boundary of a half-ball; S
comprises a disk in the z = 0 plane and a half-sphere centered at z = 0, ρ = 0. Taking the
limit where the radius of the disk and half-sphere goes to infinity, the disk becomes the
(ρ, ϕ) plane and the flux through the half-sphere goes to zero. The quantity Ftz|z=0dt∧dz
is unaffected (up to a conventional sign) by the double Wick rotation, and the result (2.17)
follows.
This geometry has an interesting limit where the parameter m is large compared to
k, ρ, and t. Specifically, we take m → m/λ, (k, ρ, t) → (k, ρ, t)/λ2, and y → λ2y where
λ → ∞. The physical significance of this limit will be discussed shortly. Expanding the
functions in (2.14)-(2.15), we find in this limit
ds2 =
(k2 + ρ2
4m2
)2[
dy2 +
(4m2
k2
)4
(−dt2 + dρ2)
]
+
( 4m2
k2 + ρ2
)2
ρ2dϕ2
A = −(kt/2m2)dy, F = −(k/2m2)dt ∧ dy.
(2.18)
This is the Melvin solution describing a constant electric field pointing in the y direction,
with physical strength ~E · yˆ = k2m2
(
k2
k2+ρ2
)2
. These solutions have been well studied in the
context of string theory [21] – they are typically written in terms of the dual field strength
∗F = −8km
2ρdρ ∧ dϕ
(k2 + ρ2)2
, (2.19)
which represents a constant magnetic field.
The appearance of the Melvin solution has a natural physical interpretation. Con-
sider the geometry before the double Wick rotation. The black holes are located at
z = ±√m2 + k2, which becomes z = ±λm in our limit. As λ → ∞ the black holes
are pulled off to infinity and we are left with the electric flux tube – which is described by
the Melvin universe – running between them. This relation between static black diholes
and the Melvin universe was studied in [22]. The same idea applies to the double Wick
rotated geometry, since the Melvin solution (2.18) is preserved under double Wick rotation
up to a rescaling of t. Here, as the sources recede away along the imaginary t axis the
solution becomes static.
From this discussion, we see that for k ≪ m, the solution (2.15) can be thought of as
the creation and subsequent decay of an electric Melvin flux tube located near ρ = 0.
8
2.3. Adding a Dilaton
The dihole solutions described above have straightforward dilatonic generalizations,
which were studied by [16,22,23,24]. The details of the double Wick rotation are essentially
the same as in the non-dilatonic case, so we will just state the results.
The s-brane solution of Einstein-Maxwell-Dilaton theory with dilaton coupling α and
extremal electric sources is
ds2 = e−X/(1+α
2)(ρ2dϕ2 + e2γ/(1+α
2)(dρ2 − dt2)) + eX/(1+α2)dy2
Aµdx
µ =
1√
1 + α2
Ady, e2φ = eαX/(1+α
2),
(2.20)
where X , γ and A are as in (2.15). This solution is smooth and non-singular for all real ρ
and t. The structure of this solution is very similar to the configuration described above.
These dilatonic solutions can be lifted to give solutions of IIA string theory. In this case
the closed string configurations are sourced by Euclidean D6-branes, and are related to
the creation and subsequent decay of an unstable D7-brane.
As one might expect, the m → ∞ limit of this solution gives the electric Melvin
solution of string theory. This is the electric dual of the fluxbrane solutions written down
by [21].
3. Neutral S-Brane Solutions
In this section we study the general time-dependent solutions found by Wick rotating
an axisymmetric collection of sources on the z-axis with no charges. Unlike the solutions
of the previous section, these configurations are not sourced by extremal objects on the
z-axis, and hence do not have a simple string theory interpretation in terms of Euclidean
D-branes. Nevertheless, they are interesting new, non-singular, time-dependent solutions
of general relativity and string theory.
We will first describe the Wick rotation of a pair of neutral black holes – the details of
this construction are similar to that of the dihole in the previous section. Next, we apply
this procedure to the periodic array of neutral black holes described by Myers [10]. This
yields an s-brane type solution that is explicitly periodic in imaginary time.
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3.1. Double Wick Rotated Black Hole Pair
When there are no electromagnetic fields (A = 0), the equations of motion (2.9)
simplify considerably. Axisymmetric solutions to the sourceless Einstein equations are
found by solving Laplace’s equation in three dimensions,
∇2X = 0. (3.1)
The general solution is found by specifying a density of sources b(z) distributed along the
z-axis. In this case we can immediately write down the solution
X(ρ, z) = −2
∫ ∞
−∞
dz′
b(z′)√
ρ2 + (z − z′)2 (3.2)
and proceed to solve for γ using (2.6). To avoid naked singularities, the linear density
b(z) must typically equal 1/2 on some line segments and be zero elsewhere [18]. A simple
solution is given by placing a rod source of length 2m and density b = 1/2 on the z-axis.
This gives
eX =
R+ + r+ − 2m
R+ + r+ + 2m
, e2γ =
(R+ + r+)
2 − 4m2
4R+r+
R+ =
√
ρ2 + (z +m)2, r+ =
√
ρ2 + (z −m)2.
(3.3)
In fact, this is precisely the Schwarzschild solution with mass m. The coordinate transfor-
mation between (3.3) and the usual Schwarzschild coordinates may be found in [16].
Laplace’s equation is linear, so we can easily construct from this multi-black hole
solutions by superposing copies of the Schwarzschild solution (3.3). These are known as
the Israel-Khan solutions [9]. For example, the solution for two separated black holes is
eX =
(R+ + r+ − 2m)(R− + r− − 2m)
(R+ + r+ + 2m)(R− + r− + 2m)
R± =
√
ρ2 + (z ± (k +m))2, r± =
√
ρ2 + (z ± (k −m))2.
(3.4)
Here the two black holes sources are located on the intervals −k −m < z < −k +m and
k −m < z < k +m. In this case the double Wick-rotated solution is
ds2 = e−X (ρ2dϕ2 + e2γ(dρ2 − dt2)) + eXdy2
eX =
∣∣∣∣R + r − 2mR + r + 2m
∣∣∣∣
2
R =
√
ρ2 − (t+ i(k +m))2, r =
√
ρ2 − (t+ i(k −m))2.
(3.5)
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The expression for e2γ can be found explicitly [10]:
e2γ =
( k2
k2 −m2
)2 (|R|2 + ρ2 − t2 − (k +m)2)(|r|2 + ρ2 − t2 − (k −m)2)
|Rr − t2 − 2mit− k2 +m2 + ρ2|2 (3.6)
As in the dihole case, we have chosen the prefactor so that the Wick rotated solution is
smooth and non-singular for all real t, y and ρ. With this choice of γ, the original solution
(3.4) has conical singularities located on the semi-infinite intervals z < −m− k, z > m+ k
— these are interpreted as cosmic strings that balance the attractive force between the
black holes.
3.2. Double Wick-Rotated Black Hole Array
We can apply this procedure to find the solution for an infinite array of Schwarzschild
black holes, with rod-centers at z = (2p+ 1)k for integers p, and mass m:
eX =
∞∏
p=−∞
Rp + rp − 2m
Rp + rp + 2m
e2γ =
∞∏
p, q=−∞
rqRp + (z − (2q + 1)k −m)(z − (2p+ 1)k +m) + ρ2
rqrp + (z − (2q + 1)k −m)(z − (2p+ 1)k −m) + ρ2 ×
Rqrp + (z − (2q + 1)k +m)(z − (2p+ 1)k −m) + ρ2
RqRp + (z − (2q + 1)k +m)(z − (2p+ 1)k +m) + ρ2
Rp =
√
ρ2 + (z − (2p+ 1)k +m)2, rp =
√
ρ2 + (z − (2p+ 1)k −m)2.
(3.7)
These sums formally diverge, but may be regularized using a procedure employed by Myers
[10]. For solutions of pure gravity, the equations of motion (2.6) and (3.1) determine γ
and X only up to constants of integration, so we may subtract off the divergent constants
Xdivergent =
∞∑
p=−∞
ln
(
1−m/|2p+ 1|k
1 +m/|2p+ 1|k
)
γdivergent =
∑
p≥0, q≤−1
ln
(
1−m2/(p− q)2k2) . (3.8)
Any further finite subtraction in X is up to us; this is the usual ambiguity in the potential
from a linearly extended source. However, the subtraction in γ has been chosen such that
the solution has no conical singularities and is smooth and non-singular. The ability to
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eliminate all conical singularities in the geometry is not surprising, since for this configu-
ration the forces between the black holes are balanced. The double Wick rotated solution
is then
eX = e−Xdivergent
∞∏
p=−∞
Rp + rp − 2m
Rp + rp + 2m
e2γ = e−2γdivergent
∞∏
p,q=−∞
rqRp − (t+ i(2q + 1)k + im)(t+ i(2p+ 1)k − im) + ρ2
rqrp − (t+ i(2q + 1)k + im)(t+ i(2p+ 1)k + im) + ρ2 ×
Rqrp − (t+ i(2q + 1)k − im)(t+ i(2p+ 1)k + im) + ρ2
RqRp − (t+ i(2q + 1)k − im)(t+ i(2p+ 1)k − im) + ρ2
Rp =
√
ρ2 − (t+ i(2p+ 1)k + im)2, rp =
√
ρ2 − (t+ i(2p+ 1)k − im)2.
(3.9)
4. Alternating Charge S-brane Array
In this section we find a new solution of Einstein-Maxwell theory in 3+1 dimensions
(with or without a dilaton) which corresponds to a non-supersymmetric, infinite array of
alternating-charge extremal black holes. We then double Wick rotate this solution, yielding
an exact solution for s-branes of the type encountered in string theory [12]. In particular,
these solutions are periodic in imaginary time. We thank Gary Gibbons for suggestions
leading to the construction of this section.
4.1. Static Alternating-Charge Extremal Black Hole Array
We begin with the Israel-Khan solution with sources of length k centered at z =
(2p + 1)k given in (3.9). Analytically continuing the time coordinate τ → ix5 gives the
Euclidean solution
ds2 = eX(dx5)2 + e−X (e2γ(dρ2 + dz2) + ρ2dϕ2). (4.1)
In analogy with Euclidean Schwarzschild, we anticipate that identifying x5 on a thermal
circle x5 ≃ x5+2πR for some R will yield a non-singular geometry. The black hole horizons
are replaced by 2-surfaces where ∂/∂x5 vanishes; these surfaces are termed ‘bolts’ [25], and
are along the rods at ρ = 0 where eX vanishes. We have
R = lim
ρ→0
ρeγ/eX . (4.2)
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We see that R depends on the infinite constant we subtracted from X ; we can subtract
from X and scale R such that ReX remains constant, and maintain nonsingular bolts.
However we wish to do something a bit different—namely a twisted KK compacti-
fication, as in [26]. We first add a flat time direction (as in the construction of the KK
monopole [27,28]) to get
ds2 = −dτ2 + e−X(e2γ(dρ2 + dz2) + ρ2dϕ2) + eX(dx5)2. (4.3)
Consider the Killing vector K = R∂5 + ∂ϕ; its fixed points are the north and south poles
of each horizon. Such isolated fixed points are known as nuts or antinuts, depending on
the relative orientation of the SO(2)×SO(2) rotation induced by the Killing vector in the
tangent space at the nut/antinut [25]. The north pole will be a (self-dual) nut, and the
south pole an (anti-self-dual) antinut [25]; after Kaluza-Klein reduction, these will become
a magnetic monopole and antimonopole, respectively. 4
An equivalent procedure is to change coordinates to ϕ˜ = ϕ − x5/R and then reduce
along orbits of ∂5 with ϕ˜ held fixed. This turns out to be notationally simpler. In the new
coordinate, the metric is
ds2 = −dτ2+e−X (e2γ(dρ2+dz2)+ρ2dϕ˜2)+2e−X ρ
2
R
dϕ˜dx5+(eX +
e−Xρ2
R2
)(dx5)2. (4.4)
Now, perform KK compactification with ∂/∂x5 as the Killing vector. Using
dsˆ2 = e−4φ/
√
3(dx5 + 2Aµdx
µ)2 + e2φ/
√
3gµνdx
µdxν , (4.5)
which yields the Einstein frame action
S =
1
16πG4
∫
d4x
√−g(R− 2(∇φ)2 − e−2
√
3φF 2), (4.6)
we get
ds2 = (eX + e−X
ρ2
R2
)1/2
(
−dτ2 + e−Xe2γ(dρ2 + dz2) + ρ
2
eX + e−Xρ2/R2
dϕ˜2
)
Aµdx
µ =
ρ2R
2(ρ2 +R2e2X)
dϕ˜
e−4φ/
√
3 = eX + e−X
ρ2
R2
.
(4.7)
4 This observation is related to the fact [8] that the black dihole solution with appropriate
dilaton coupling is related to a Schwarzchild instanton.
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We wish to look for possible singularities on the symmetry axis ρ = 0. In the sections
of the z-axis where there had been no rods, eX → (nonzero) as ρ → 0, and the relevant
part of the metric is
e−Xe2γdρ2 +
ρ2
eX + e−Xρ2/R2
dϕ˜2 → e−X
(
e2γdρ2 + ρ2dϕ˜2
)
so the absence of singularities in the Israel-Khan solution guarantees their absence here.
On the other hand, in the sections where there had been rods, eX ∼ ρ2 and the metric
looks like
e−Xe2γdρ2 +
ρ2
eX + e−Xρ2/R2
dϕ˜2 → e−Xe2γdρ2 + eXR2dϕ˜2. (4.8)
Now we see that the same choice of x5 periodicity (4.2) which makes the Euclideanized
Israel-Khan solution regular at the horizons, ensures that our twisted KK-reduced solution
is regular along the rod locations.
Although the 5D geometry is smooth, there are singularities in the 4D description
at the rod endpoints. These are locally as considered in [27,28] and correspond to KK
monopoles or anti-monopoles. For z at endpoints of a rod, eX ∼ ρ as ρ → 0, whereas
for z in the interior of a rod, eX ∼ ρ2 as ρ → 0. From this we compute that gtt → 0 as
ρ1/2 at the endpoints while gtt → (nonzero) on the interior of the rods. This signifies the
presence of extremal α =
√
3 dilatonic black holes at the endpoints of the rods. There
are Dirac strings running along the rods, joining each monopole-antimonopole pair. The
monopole charge can be computed from the Dirac string: we simply place a sphere around
the monopole with a neighborhood of the Dirac string deleted. This yields
Q =
1
4π
∫
deleted sphere
dA =
1
4π
∮
small circle
A→ 1
4π
∫ 2pi
0
R
2
dϕ˜ = R/4 (4.9)
where we have computed the line integral in the ρ→ 0 limit.
Using the general method of [16], one can remove the dilaton from (4.7) to get a
solution of the pure Einstein-Maxwell theory. In this manner we find
ds2EM =
(
eX + e−Xρ2/R2
)2(− dτ2 + e−4Xe8γ(dρ2 + dz2))+ (eX + e−Xρ2/R2)−2ρ2dϕ˜2
AEM = 2A.
(4.10)
This solution describes a static linear array of extremal Reissner-Nordstrøm black holes
with alternating charges ±R/2. Again the solution is free of singularities because the
opposing forces on each black hole cancel without the need for struts.
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4.2. Properties
The geometry (4.7) has the symmetry
X → −X + 2 log(ρ/R), γ → γ −X + log(ρ/R), (4.11)
times charge conjugation. The transformation of X and γ can be interpreted using (2.7),
(3.2) as turning off the rods that are present, and turning on rods where there were none.
This however is equivalent to to shifting z → z + 2k. Thus (4.7) has the symmetry
z → z + 2k times charge conjugation. The regions on the z-axis where there used to be
rods are identical to the regions on the z-axis where there had been no rods.
Next we write down the ρ → ∞ asymptotic geometry and use it to compute the
magnetic flux through the (ρ, ϕ˜)-plane. Since X ∼ log(ρ/R), from (2.6) we get γ ∼
1
4 log ρ+ C, for C a constant. We find
ds2 ∼ (2ρ
R
)1/2(− dt2 + (R
ρ
)1/2
e2C(dρ2 + dz2) +
ρR
2
dϕ˜2
)
A ∼ R
4
dϕ˜
e−4φ/
√
3 ∼ 2ρ
R
.
(4.12)
The gauge field in the ρ→∞ limit is a Wilson line. From Stokes’ theorem we can compute
the flux through the (ρ, ϕ˜)-plane at z = 0, to be Rπ/2. After dividing by 4π, this becomes
the s-charge Qs = R/8 of the double Wick rotated solution. In the computation of the
flux through the (ρ, ϕ˜)-plane for z = k, one encounters the Dirac string at ρ = 0 yielding
a flux of −Rπ/2.
Naively the solution is described by two parameters, k and R. Actually, the two
solutions (k, R) and (κk,R) are identical; sending ρ → κρ and z → κz in the second
solution and using exp(X(κρ, κz; κk)) = κ exp(X(ρ, z; k)), we see that they differ only by
a coordinate transformation. So we only have one parameter, R, which is proportional to
the charge.
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4.3. Double Wick Rotation
The double Wick rotation (1.1), (1.2) turns the solutions (4.7) and (4.10) into s-branes
in the usual way. For example, the dilatonic array (4.7) becomes
ds2 = (eX + e−Xρ2/R2)1/2
(
dy2 + e−Xe2γ(dρ2 − dt2) + ρ
2
eX + e−Xρ2/R2
dϕ˜2
)
Aµdx
µ =
ρ2R
2ρ2 + 2R2e2X
dϕ˜
e−4φ/
√
3 = eX + e−Xρ2/R2.
(4.13)
As above, this is a non-singular, time-dependent solution describing the creation and sub-
sequent decay of an unstable 1-brane in four dimensions.
5. Embedding into String Theory
In this section we comment on the potential relevance of these solutions for string
theory.
An unstable D-brane in string theory has an open string tachyon on its world volume
[29]. A process in which this tachyon is condensed in the far future, but nears the top of
its potential for a finite amount of time, describes the creation/decay of an unstable brane.
The result is a spacelike region of finite time duration in which open strings can exist,
or an s-brane [1]. These objects are of interest because they are spacelike, and therefore
time-dependent, versions of the usual string theory D-branes and hence may provide a
useful tool for investigations of time-dependent processes in string theory.
The starting point for a concrete description of s-branes is the observation [13] that
the open string tachyon profile
T (X0) = λ cosh(X0/
√
α′), (5.1)
where X0 is the timelike worldsheet boson, leads to a time-dependent boundary CFT
describing the creation and subsequent decay of an unstable brane. The corresponding
boundary state sources a closed string configuration, which describes the linearized far
field behavior of closed string fields in the presence of a rolling tachyon. For the critical
value of λ = 12 this boundary state is related by Wick rotation to an array of sD-branes (i.e.
D-branes with a transverse time direction) located at imaginary times t = i(2n− 1)√α′,
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where n is an integer [11,12,13,30]). The reason for this is simple: the tachyon profile
(5.1) may be Wick rotated X0 → iX0E to give the boundary deformation λ cos(X0E/
√
α′)
describing a periodic array of sD-branes at the critical coupling. Interestingly, despite the
fact that there are no D-branes for real values of time when λ = 1
2
, the CFT boundary state
still describes a highly nontrivial closed string configuration. In superstring theories, these
boundary states describe an alternating array of D-branes located at t = i(4n− 1)√α′/√2
and anti-D-branes at t = i(4n+ 1)
√
α′/
√
2. This boundary state contains direct informa-
tion only about the linearized closed string fields, corresponding to the linearization of the
full non-linear solutions described above.
A significant generalization of this construction was found in [11]. Forgetting its origin
as a critical rolling tachyon on an unstable brane, the sD-brane array can simply be viewed
as a concise rule for constructing a classical closed string field configuration. This rule can
be consistently generalized by moving the positions of the sD-branes subject to certain
restrictions [11]. In particular one can change the spacing or number of branes.
The relation of the s-brane solutions discussed herein to string theory constructions
should now be clear. Consider an unstable D7-brane in IIA string theory, with an open
string tachyon of the form (5.1) at the critical value, which is an alternating sD6 − sD¯6
array. Now, using the analysis of [11], deform the solution by increasing the imaginary-time
spacing between the sD-branes to k ≫ √α′. Next increase the number of initial unstable
D-branes to N , yielding an array of large N clusters of sD6 and sD¯6 branes. In the limit
of large N with gsN fixed, this should have a dual gravity description as the product of
the 4D s-brane solution (4.7) with R6.5
Note that in motivating this correspondence we have only invoked the standard and
very general large N open-closed string duality. In particular we have not introduced any
analog of the near-horizon scaling limit [31], which transforms general open-closed string
duality into a powerful and practical tool. It would certainly be of great interest to find
an analog of this near-horizon scaling in the present time-dependent context.
Among the most interesting sD-brane arrays are those that arise directly from tachyon
profiles like (5.1), without deforming the spacing. In this case the sD-branes are separated
by imaginary distances of order the string scale – in the closed string description, this
5 With a flat metric in the M-theory frame. Note that D6-branes lift to KK monopoles in
M-theory.
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means that massive string states are becoming important [30].6 Hence the gravity solutions
described here are not trustworthy for such configurations. Nevertheless a study of the
limit of small spacing could be interesting.
Finally we note that the constraints of [11] allow a pair of oppositely charged sD-
branes at equal imaginary distances from the real time axis. Hence, following the preceding
discussion, one can find an embedding of the black dihole s-brane solution (2.15) into string
theory.
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